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Abstract

This paper is devoted to solving the problem of studying locally homogeneous (pseudo)Riemannian
manifolds with metric connection with vectorial torsion, the curvature tensor of which is zero.
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1. Preliminaries

Let (M, g) be a (pseudo)Riemannian manifold. Define a metric connection V on M by the
formula

VxY =ViY +g(X,Y)V —g(VY) X,

where V' is a fixed vector field, X, Y are arbitrary vector fields, V¥ is the Levi-Civita connection
on M. This connection is called ¢ metric connection with vectorial torsion [1].
Let R be a curvature tensor of a metric connection V. It is determined by the equality

R(X, Y)Z =VyVxZ —-VxVyZ + V[X’y}Z.
As known, the following conditions are hold

1)R(X,Y)Z =—R(Y,X)Z (for any linear connection);
2)R(X,Y,Z,T)=—R(X,Y,T,Z) (for any metric connection).

Also we have

Theorem 1. [2/ A necessary and sufficient condition that the Ricci tensor of the metric
connection V to be symmetric is that the (0,4) curvature tensor R of the connection V satisfies
one of the following conditions:

1. RIX,Y,Z U)=R(Z,UX,Y),
2. RX,)Y,Z,U)+ R(Y,Z, X,U)+ R(Z, X,Y,U) =0,
where R(X,Y,Z, V) =g(R(X,Y)Z,U).
Let M = G/H be a locally homogeneous (pseudo)Riemannian manifold; g be a Lie algebra
of isometry group G, h be a Lie algebra of isotropy subgroup H, m be a complement to b in g.

Denote dimh = h and dimm = m. One can fix a basis {ej, ..., ep, 1, Uz, ..., uy,} of algebra g,
where {e;} and {u;} are bases of h and m respectively. Denote

[, w5y, = i, [wi, wsly, = Chier,  lenuyl, = cyun,
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fj, C’Z-kj and Efj are arrays of appropriate sizes. Components of the Levi-Civita connection

V9 can be expressed in terms of structural constants and components of the metric tensor:

where ¢

1 s s =g\ F 1 = 1 sk~
()5 = 5 (s + g™ cygn + 9" cgn) . (T7);; = 3¢5 — 59" chogn,

where V9§ u; = (Fg)fj ug, VIu; = (I_‘g)Z. ug; {g"} is inverse of {g;;} .
Let invariant vector V' € m, then components of metric connection V with vectorial torsion

are defined by:
k k k s k Tk ro)*
Ty = (095 + 95V = Vigyor, T = (T7),;,
where V,,u; = F%Uka Ve = F’Zuk
Components of the curvature tensor R can be calculated via formula:

Rijks = (Fikl—?l - Fé‘krzz?l + Céjr?k + Cfﬁfk) 9ps
or

1 r T r r T
Rijks - Z(Cik + gt Ciks + gt Cik + 2gzkv - 261 %) . (ers + Csrj + Csj’r + 29]‘7“/?9 - 29]3‘/;)_

1
_Z(Cgk —+ gtrctkj + gtrctjk + 2gjkvr - 25;Vk) : (Cirs + Cori + Csir + 2gzr‘/s - 2gzs‘/;“>_

1 1
_§ng(crks + Cskr + Cork + 297"]4?‘/; - QQTSVk) + 505] (Elks - Elsk)y

where Vi, = Vg, Cijk = ¢j;9sk, Cijk = CjjGsk-

Theorem 2. [3,4] Let (M,g) is a 3-dimensional locally homogeneous (pseudo)Riemannian
manifold. Then either (M, g) is locally symmetric (w.r.t. the Levi-Civita connection) or (M, g)
is locally isometric to a 3-dimensional Lie group with left-invariant (pseudo)Riemannian metric.

Theorem 3. /3, 4] Three dimensional locally symmetric (pseudo)Riemannian manifold is
locally isometric to one of the following:

o (pseudo)Riemann space form R3, S* or H?® (with zero, positive or negative sectional
curvature, respectively), or

o direct product S* x R or H? x R, or

o Walker manifold (i.e. manifold with parallel isotropic distribution) with Lorentzian
metric g, which amdits a local coordinate system (uy,us,us) such that the metric tensor
0 0 1
has the form g = |0 ¢ 0 , where e = £1; a € R; B and & are
1 0 wda+uf(usz)+ &(u3)
arbitrary smooth functions.

A classification of three-dimensional locally homogeneous (pseudo)Riemannian manifolds is
obtained in the work [5]. Next we will use the numbering from this work. In particular, from
this classification follows

Theorem 4. [5] Let M = G/H is a 3-dimensional locally homogeneous manifold
with locally symmetric invariant (pseudo)Riemannian metric. Then there exists a basis
{e1,...,en,u1,uz,usz} in Lie algebra of G, where {e;} and {u;} are bases of b and m respectively,
such that the Lee brackets have the form shown in the following list.

1. Space forms
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3.5.1 (R? with Riemannian metric)

[e1, €2] = e3,
[62,U1] = —u2,
[62, 6’3] = €1.

le1,e3] = —ea,

[€2a UQ} = U,

3.4.1 (R? with Loretzian metric)

le1, e2] = eg,
le2, ug] = u1,

[e2, e3] = ey.

3.5.2 (S? with Riemannian metric)

[e1, e2] = es,
le2, e3] = ey,

[637 U3] = U2,

3.4.2 (S® with Loretzian metric)

[617 62] = €2,
le2, e3] = e,

les, ug] = us,

3.5.3 (H? with Riemannian metric)

le1, e2] = e3,
le2, €3] = eq,

[637 U3] = uz,

3.4.3 (H3 with Loretzian metric)

[e1, 2] = e,
[e2, e3] = ex,

les, ug] = ua,

2. Direct products
1.3.5 (S* x R)

le1,u1] = —ug,

les, ug] = —us,

le1, us] = w1,

[es,us] = U2,

[e1, €3] = —es, le1, u1] = u, le1, ug] = —us,
[627 'LL3] = U, [63,u1] = Uu2, [63’u2] = us,
[617 63] = —€2, [617 ur| = —us, [61,'&3] = ui,
[u17 U/Q] - 627 [U/l, U/3] - 61, [U2, U3] = e3.
[e1, €3] = —es, [e1,ua] = w1, [e1, ug] = —us,
[e2, ug] = w1, [e2, us] = uz, le3, u1] = ua,
[’LL1,’LL2] = €2, [ul, U3] = —eq, [u2,u3] = —e3
[617 63] = —€, [615 U] = —us, [617u3] = ui,
[62,’&1] = —u2, [627 U2| = Uy, [637u2] = —us,
[ur, uz] = —ez, [u1, us] = —ex, [u2, us] = —e3
[e1, e3] = —es, le1, u1] = g, le1, us] = —us,
[U/l, U/Q] - _627 [ul,uf}] == 617 [UQ,UK?J = @3'
ler, ur] = —ug, [er, up] = ur, [u1,us] = e

1.3.6 (H2 x R)

= —U2.

= —U, [ur,us] =e
= U2.

= U2, [u27u3] €1
= U2, [u27 U‘3] = —€1
=uy, [er,us] = —us,
= U3.
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Table 1
Invariant metric tensors of three-dimensional locally symmetric (pseudo)Riemannian
manifolds
Case Invariant metric tensor | Restrictions
0 19 0
1.1.1
a0 0 Q1033 # 0
1.1.5
0 0 33
99 0 0
1.3.5
0 ax» O Q92033 7’é 0
1.3.6
0 0 Q33
181 O O — Q929
1.84 0 929 0 929 7é 0
1.8.5 — (099 0 (/33
z3.z41 1 T 0 0 —am
o 0 ax O Qg # 0
3.4.2 o 0 0
3.4.3 22
3.5.1 33 0 0
352 0 33 O Q33 7£ 0
3.5.3 0 0 «ags

The invariance condition of the metric tensor g has the form:

(¢2)tg+g¢1207 Z.:]-a"wh)

where 1; is a isotropy representation, which is defined via formula ;(u;) = [e;,u;]; (1) is a
transposed matrix. The form of the invariant metric tensor for each case of the theorem given
in the following table.

A classification of three-dimensional Riemannian Lie groups was obtained by J. Milnor in [6].
The classification of three-dimensional Lorentzian Lie groups was obtained in [4,7,8|.

Theorem 5. [6] Let G is a 3-dimensional Lie group wuth left-invariant Riemannian metric.

Then

e if G is a unimodular, then there exists an orthonormal basis {ey1, ea, €3} in Lie algebra U
of group G such that

[6’1, 62] = (3€3, [61763] = —0€9, [62763] = (€1.

e if G is a nonunimodular, then there exists an orthonormal basis {e1,eq,e3} in Lie algebra
NU of group G such that

le1, 0] = (2 — ag)es + azes,  [er, e3] = ares + ages,

Theorem 6. [4,7] Let G is a 3-dimensional Lie group wuth left-invariant Lorentzian metric.
Then

1) if G is a unimodular, then there ezists an pseudo-orthonormal basis {ei, ea, €3} in Lie algebra
of group G such that the metric Lie algebra is contained in the following list

Aj: [e1,ea] = ages, [e1,e3] = —agea, [ea, e3] = arer with ey timelike;
Ag: [er,ea] = (1 —ag) ez —ea, [e1,e3] = es — (1 + ag) ea, [e2, e3] = aner with es timelike;

As: [e1,es] = e1 —aqes, [e1,e3] = —aies — e, [e2, e3] = aner + ex + e3 with es timelike;
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Ay: [e1,e2] = ages, [e1,e3] = —ager — ajes, [ea, €3] = —aner + ages with ey timelike and o # 0.

2) if G is a nonunimodular, then there exists an pseudo-orthonormal basis {ey,es, e3} in Lie
algebra of group G such that the metric Lie algebra is contained in the following list

A: [e1,e3] = arsinage; —agcosases, [e2,e3] = ajcosasze; +agsinages with es timelike and
sinag #0, a1 +ag #0, a1 2 0, ag > 0;

B: [e1,e3] = ager — ayes, [e2,e3] = ajer + ages with nonzero (ea,es) = — (e1,e3) =1 and as # as;
Ci: [e1,e3] = ase; + aies, [ea, €3] = arer + ages with es timelike and ag # as;
]

Cg.‘ [61, 63] = (xp€1 — (x3€9, [62, e3| = are1 + asgen with €92 timelike and a9 75 O, o+ as 75 0.

2. Results

In these notations, the following holds.

Theorem 7. Let (G/H, g) be a 3-dimensional locally symmetric (pseudo)Riemannian manifold
with metric connection with invariant vectorial torsion. If the curvature tensor is zero, then

e in cases 1.1.1, 1.8.1, 2.21.1, 3.4.1, 3.5.1 vector V s trivial;

. . 1 .
e in case 1.1.5 vector V' has coordinates <0,07 im),

. . 1 .
e in case 1.3.5 vector V' has coordinates <O707i\/ﬁ> and the metric tensor must be

Lorentzian;

. . 1 .
e in case 1.3.6 vector V has coordinates (0,0,im> and the metric tensor must be

Riemannian,
e in case 1.8.4 vector V has coordinates <:|:0+22,0,0>.
In cases 1.8.5, 3.4.2, 3.4.3, 8.5.2, 3.5.8 curvature tensor cannot be zero.

Theorem 8. Let (G,g) be a 3-dimensional metric Lie group with metric connection with
iwvariant vectorial torsion. If the curvature tensor is zero, then
m caseU:V =0 and

e ora; =0, ay = ag;
o oras =0, a; = ag;

o oras =0, a; = ay;

in case NU: ag =1+ /1 —a?, ay = az and

e orV=(-2,0,0);
—a2)v3
o m«vz(o,——(levl 1)V,V3),V3:\/i2 - a2 -2

aq
in case Ay: V=0 and
® O (X1 = 0, Qg = (3
o oras =0, vy = —agz;
e oraz3 =0, g = —ay;

m case As: a1 =0, ag =0 and V =0;
i case Az: oy =0 and

e orV=(0,1,1);
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o orV=(0,—-2,-2);
in case Ay curvature tensor cannot be zero; in case A:

e ora; =0, a3 =+7/2, V = (f+ay,0,0);

e ora; =0, a3 =+7/2, V=1(0,0,Fas);
e oray=0,a3==271/2, V=(0,%a1,0);
e oray =0, a3 ==x7/2, V=(0,0,Fa)

o ora; =ay, V=1(0,0,—a;sin(as));

)

i case B: ay = 0 and
e orV =(as —az,0,0);
o orV =(—ay,0,0);
in case C1: ap =0 and
e oras =0,V =(0,0,03);
e oraz3 =0,V =(0,0,9);
o oras =0, V =(0,%as,0);
i case Cy curvature temnsor cannot be zero.

Remark 1. Thus, in dimension 3, all metric connections with vector torsion, for which locally
homogeneous (pseudo) Riemannian manifolds are flat, are defined.
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